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STRESS-SINGULARITIES DUE TO UNIFORMLY
DISTRIBUTED LOADS ALONG STRAIGHT BOUNDARIES

p, S. THEOCARIst

The National Technical University, Athens (625), Greece

Abstract-The optical method of caustics, as it has been developed for the study of the stress-intensity factors at
the crack-tips, was used for the evaluation of the stress-singularities created by uniformly distributed loads
applied at a straight boundary in generalized plane-stress problems. The absolute retardations of light rays
impinging normally at a plate under conditions of plane stress and partly reflected either on the front, or on the
rear face of the plate, are deviated due to the constraint of the plate at the vicinity of the applied load and the
refractive index variation. The deviated light rays, when projected on a screen, are concentrated along a singular
curve, which is strongly illuminated and forms a caustic. It was proved that the shape and size of the caustic
depend on the stress singularity at the point of application of the load. Thus, by measuring the dimensions of
the caustic, it is possible to evaluate the state of stress at the singularity. The properties of the caustic were
studied in relation to the loading mode of the plate.

INTRODUCTION

THE problem of stress distribution in a semi-infinite plate under generalized plane-stress
conditions, which is loaded by a concentrated force acting at some point of the straight
boundary, which was taken as origin, was solved by Flamant, as early as 1892 [1]. Flamant's
solution was based on Boussinesq's three-dimensional solution [2]. While Flamant solved
the problem of a concentrated vertical force acting upon the straight boundary, Boussinesq
gave in the same year the solution for the case of any inclined force [3].

It has been found by these early solutions that the stress-distribution in the semi
infinite plate is a radial distribution. The polar components of stresses at any point of the
plate with polar coordinates rand 9 are given by the simple relationships:

2P cos 9
(J = -~--r ,

n r

Furthermore, it can be readily shown that the radial stress (Jr has the same magnitude
at all points of any circle, which is tangent to the straight boundary at the point of contact.
If the diameter of the circle is denoted by d, the radial stress component is:

2P
(Jr=-nd'

This value holds for all points of the circle except the point of application of load,
where a stress singularity appears of the order of r- 1.

In order to avoid the existence of stress-singularities at the point of application of
loads, Hertz [4] considered the case of two spheres under contact. By defining the circular
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or elliptic surface of contact this theory can avoid the stress singularities at the boundary
of the surface of contact. The Hertz problem can readily be reduced to the corresponding
plane problem for a frictionless cylindrical punch acting upon a semi-infinite space.

If, instead of a concentrated load, a uniformly distributed load along a part of the
straight boundary is considered the problem of stress distribution can be solved by super
imposing the stresses produced by each of the vertical forces creating the unifoLTI dis
tribution. For each of them the components of stresses are obtained by shifting the cor
responding curves which express the distribution of each component of stress constructed
for a particular place of the concentrated load to new origins defined by the relative
position of each concentrated load and the initial one. The complete solution of this
problem is given in Timoshenko's classical book [5].

As an application of Hertz's theory Shaw and DeSalvo [6] have recently shown that
elasticity plays a significant role in the formation of the plastic zone beneath a flat rigid
punch, which differs significantly from the slip-line field assumed initially by Prandtl
(who considered the material as plastic-rigid one). They concluded that a blunt indenter
yields a plastic-flow zone, corresponding to a slip-line field only if there is a sufficiently
small quantity of elastic material beneath the punch, so that the plastic-rigid assumption
holds. If the elastic material is sufficiently large, the solution may be based on the elastic
Hertz problem, and the elastic-plastic boundary resembles a line of constant maximum
elastic shear stress, as it is derived from Hertz's theory.

However, if the applied load is either strictly concentrated or the indenter is not blunt,
at the extremities of the contact area of the indenter and the semi-infinite elastic body
singularities of the order of r- 1 appear and these create uncertainties for the stress-field
at the vicinity of these areas.

The method of caustics, developed by the author [7J, is a unique experimental method
suitable for the study of stress-singularities, as well as any other type of stress discon
tinuities or concentrations due to either a change of the externally applied load, or the
geometry of the specimen. According to this method the stress singularity is transformed
into an optical singularity expressed by a caustic (line of concentration of light-rays), the
shape and dimensions of which yield sufficient information for the evaluation of the stress
field at the close vicinity of the singularity. The method was applied up to now to stress
singularities created at the tips ofsingle cracks or arrays ofcracks [8], as well as to the study
of stress-concentrations around small holes drilled at the interior of any two-dimensional
stress-field [12].

In this paper the same method is adopted for the study of singularities created by either
concentrated loads or uniformly distributed loads, applied at the straight boundary of an
elastic half-plane. The experimental evidence, based on the above method on plexiglas
plates, corroborated with existing elastic theories concerning the order of singularities for
uniformly distributed loads.

THE METHOD OF CAUSTICS

Ifa monochromatic and coherent light beam, emitted from a He-Ne gas laser, impinges
normally on the lateral faces of a thin-plate made of a transparent and optically-isotropic
material (such as plexiglas) and subjected to a uniformly distributed load along a part of
its straight boundary, it is partially reflected on the front and rear faces of the plate. We are
interested in the light rays traversing the plate once, as well as in the light rays reflected
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either once on the front, or once on the rear face of the plate. This is because the intensities
of these bundles are significant and they readily yield satisfactory caustics [7].

The light rays traversing the plate are retarded along the thickness and, if the principal
stress-axes are denoted by 1 and 2, the absolute variations of the optical path along these
axes are given by [9J:

(1)

The absolute variations of the optical paths for light-rays reflected on the rear face of the
plate are:

(2)

where d is the thickness of the plate, (0" 1+ 0"2) is the sum of principal stresses cr is the optical
constant of the material for traversing light-rays, and Cr is the optical constant for reflected
light-rays at the rear face of the plate.

Interferometric measurements on plexiglas combined with simultaneous measure
ments of the elastic constants E and v of the material allowed the evaluation of cr and cr

from relations:

1
cr = "£[(1- 2v)b - v(n -l)J

2 1
Cr = "£[(1-2v)b-v(n- z )J

(3)

where b is Neumann's optical constant of the optically isotropic material and n is the
refractive index of the material when unloaded.

The values for the constants of the material were:

E = 2·80 X 104 Kp/cm2 v = 0·34 C, = -1·01 x 10- 5 cm2/Kp

cr = -3·24 X 10- 5 cm2/Kp.
(4)

The emerging light front S(x, y, z) after traversing the plate, or reflected on the rear
face, is deviated and vector w, which expresses the displacement (PP') of a generic point P
on the plate, as it is projected on a reference plane at distance Zr from the mid-plane of the
plate (Fig. 1), is given by:

Wr,r = - Zr grad dS,,/x, y). (5)

Introducing either relation (1) or (2) for the transmitted or the reflected light rays we
obtain:

W = C grad(O"1 +0"2)

where constant C takes the values:

(6)

and
C = Cr = -zrdcr

C = Cr = -zrdcr

(for transmitted light)

(for reflected light on the rear face).
(7)
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Similarly, it can be shown that the deviation w of the reflected light-rays on the front
face are given by:

which may be also expressed by relation (6) if one puts:

r

vd
C = Cf = -z

'E'

/x
/x'

(8)

FIG. I. Geometry of semi-infinite plate partly loaded along its straight boundary and relative position
of specimen and reference screen.

UNIFORMLY DISTRIBUTED LOAD ALONG A PART OF THE
STRAIGHT BOUNDARY

Consider a plate of an elastic, homogeneous and isotropic material in a generalized
plane-stress condition occupying the negative half-plane and a reference frame Oxy, as
indicated in Fig. 2. The plate is uniformly loaded along the part AB = 2a of the straight
boundaries by a normal stress (J. A generic point P of the plate at distances r, r1 and r2

from points 0, A and B respectively, and angles subtended by r, r1 and r2 and the positive
x-axis equal to 9, 9 1 and 92 respectively, is in a state of stress, defined by the function
<I>(z) of the complex variable z = (x + iy) given by [10]:

1 f+a (J (J (z-a)
<l>(z) = - -- dt = -In--.

2ni -a (t - z) 2ni (z +a)
(9)
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~-----·--+x

p

FIG. 2. Geometry of semi-infinite plate uniformly loaded along a part of its straight boundary and
the related reference frame.

Differentiating $(z) with respect to z we obtain:

d$ <1a
dz - ni(zZ - aZ)

d$ <1a

dz = ni(aZ_ ZZ)

dZ$ 2<1az
- ni(ZZ _ aZ)Z

where $'(z) is the complex conjugate of $'(z). .
Since it is valid that z = r e-

ill
, Zl = r1 e-

ill
, and Zz = r z e- iIl2 , while Zl = (z-a) and

Zz = (z+a), relations (9) to (12) may be written as: .

$(z) = ;:[-iln~:+(.9z-81)J (13)

(14)

and

~

dz
_ ~e-i(Il,+1l2)

mr1rZ
(15)

d
Z
$ 2i<1ar '[Z(" +Il )-Ilj-----e' "'I 2

dzZ - nrid . (16)

The biaxial state of stress at any point of the plate under load is expressed in complex
form by:

(17)
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where the function <l>(z) = [u(x, y)+iv(x, y)] is expressed by equations (9) or (13). Intro
ducing relation (17) into equation (6) and taking into consideration the Cauchy-Riemann
relationships, we obtain for w in complex form that:

c( ou .ou)
W= -+1-

ox oy

where w is referred to a reference frame with origin the projection P' of every point P of
the plate on the reference plane Sc (Fig. 1). If w is referred to a fixed reference frame O'x'y',
it becomes:

with

w = (x' +iy') (18)

(19)x' = (x+c;:) and y' = (y+c:;).

Quantity W expresses the projections on screen Sc of the deviations of the reflected
or transmitted light-rays. These rays at the constrained zone, surrounding the singularities
of the stress-field, due to a significant lateral contraction there, as weB as a considerable
variation of the refractive index, are deviated by different amounts, depending on the
slope of lateral faces and the variation of the refractive index. These rays are concentrated
at an envelope, because of the singularity, which is strongly illuminated and forms a caustic.
This envelope represents a singular curve for W. The conditions for existence ofa singularity
is the zeroing of the Jacobian determinant J = o(x', y')/O(r, 9) = O. This relation, after
some algebra, yields:

(20)

(21)

(22)

Relation (20) expresses the equation of the initial curve creating the caustic. The
envelope ofthis curve is given by the set ofequations (20) and (18), which may be written as:

w:
c

,~::] d~Ll'
dz

Introducing equations (10) or (13) into relations (20) and (21) we obtain for the equation
of the initial curve that:

~~~I(a2~:2)21 1.

The above relations hold for a paraHellight beam impinging on the plate. If the light
rays are divergent (or convergent), the magnification ratio Ai is defined by:

where Zi is the distance between the focus oflight beam and the mid-plane of the specimen,
while Zr is the distance between the mid-plane and the reference plane Sc. This ratio must
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be introduced into relation (22), which becomes:

8CCT I a
3
z I= 1

na2A;(a2 _ Z2)2 •

In order to simplify the above expressions we put:

C* = 8CCT
na 2Ai

(23)

and introduce normalized coordinates to the semi-width a of the uniformly applied load CT,
so that:

Zo zla, ro = ria, Wo = wla. (24)

Then, the expression for the initial curve becomes:

C*I (1 ~:~rl = 1

which, after some rearrangement, yields:

r6-2r~cos29-C*ro+l = o.

(25)

(26)

Equation (26) yields the expression of the initial curve in polar coordinates ro and 9.
From relation (26) it can be derived that:

cos 29 = (r6 - C*ro+ 1)/(2r~) (27)

where angle 1} for the type of loading considered here is varying between 0 ~ S ~ -n.
For a generic value of r0 there is a corresponding value for 9, if it is valid that:

(28)

In this case the value for cos 29 is fixed, which yields two values for the angle 2.9. that is
291 and 292 in the interval - 2n s 281 ,292 S O. The angles 9 1 and 92 are connected by
the relation (91 +92) = -n. Thus, 82 = -(n+.9 1). This relation indicates that the singular
curves expressed by relation (26) are symmetric with respect to the Ox-axis (S = ± nI2).
This result was expected from the symmetry of the problem.

The equation for the epicycloid created by the initial curve of equation (26) is given by :

W = AiEz (4C*IAJo<I>/dzJ Ai[Z+4~* . ~a 2 ]
lei m(z - a )

which, when it is referred to the normalized coordinates, expressed by relations (24), and
if relation (25) is taken into account, yields:

This relation readily yields the parametric equations of the epicycloid :

X0 A;[r0 cos 9 - (r~ sin 29)/2roJ

Yo A;[ - rosin 9 (r~ cos 29 -- 1)/2r0]

(29)

(30)
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Xo = AIo[COS 8-sin 28/2] 1
Yo = -Alo[sin8+Hcos28- rl~)Jr (31)

In these relations r0 and S are related by the equation of the initial curve (26).

DISCUSSION OF PARTICULAR CASES

(i) Concentrated load (a = 0)

Consider first the case when C* ---+ 00, that is when a ---+ O. In this case the initial curve
becomes a half-circle with radius r0 given by:

(32)

(33)

Indeed, equation (26) becomes:

(C*)~ -2(C*)t cos 28-(C*)~ + 1 = O.

Since for C* ---+ 00 the second and fourth terms are insignificant, the above equation is
satisfied identically. The parametric equations of the epicycloid become:

X 0 = }.i(C*)t[cos 8 - sin 28/2] }

Yo = -Ai(C*)t[sin 8+!{cos 28-(C*)-t}] .

(ii) Uniform load extended to infinity (c* ---+ 0)

If C* ---+ 0, then it may be taken that a -> 00. Equation (25) of the initial curve may
also be written as:

(34)

We consider first point B for which we have r OI :::: 2 and ro :::: 1. From equation (34) it
can be deduced that r 02 = -t(C*)t. Similarly, for point A we have r 01 = 1(C*)t. For C* -> 0
we have as initial curves half-circumferences of a very small radius at the extremities A
and B of the loaded boundary x = ±a and y = O. The corresponding epicycloids are
expressed by:

W = Ai[Z+ 4C~ e-i(91 +92}J. (35)
Ai m'I'2

By putting into equation (35) r1 = 2a, 8 1 = -n and z = (-a+rz e- i92) we obtain,
after some straightforward calculations, that:

W02 = Ai e- i92 [r02 + iC*J (36)
4r02

where W02 = (W01 + 1). But, we have already found for this case that r 02 = 1(C*)t, then:

W02 = ~(C*)t e- i92 [1 +i] (37)
2
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which yields:
A. tX oz = i(C*) (cos8z+sin.9z)

A.. tYoz = i(C*) (cos9z-sin.9z)

Similarly, for the other extremity of the loaded boundary A we have:

,4,-
X 01 = i(C*)t(cos8 t -sin 81]

A.. tY01 = i(C*) [cos91 +sin91]

and

(38)

(39)

(40)W01 = ~(C*)t e-iS1[1_i].

(iii) General case for a ::;f:; (0, (()
In the general case the width of the applied load 2a is significant and it does not tend to

infinity. Then, from relation (27) we obtain:

n 1 _1(r6-c*ro +l)
"'I = -"Icos 2 zro

n _.1 _I(r~-c*ro+l)_
"'2 - 2 cos 2 2 n.

'0

(41)

For each value of the radius r satisfying the inequality (28) we define two values for
angle;} from equations (41), and therefore two points of the initial curve, which yield
afterwards, by applying relation (29), the corresponding points on the epicycloid.

However, this procedure by a series of trials with arbitrary values for 70 is rather
cumbersome, and it does not yield a full picture of the shape of the epicycloid. It is better
practice to select various angles for S and define the corresponding values for the polar
radii, 1 and r2' In this case it is necessary to solve the equation of the fourth order:

r6 - 2r~ cos 29 - C*r0 + 1 = O. (42)

(43)

Since equation (42) does not contain a third-degree term, and since the coefficient
(-C*) of the first-degree term is always negative, this equation has solutions r0 1,2,3,4

given by:

rO I = H(st)t +(S2)t +(S3)t]

r02 = t(Sdt -(S2)t-(S3)1-]

r03 = t( -(SI)t + (S2)1- -(S3)t]

r04 = t[ -(SI)1--(S2)1-+(S3)1-]

where S1,2,3 are the roots of the corresponding resolvent equation of the third degree
expressed by:

(44)
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Since it is always _(C*)2 < °and -4sin2 29 < 0, the third-degree equation (44) can
have either one positive and two negative roots, or one positive and two complex roots,
when the fourth-order equation must have respectively either four complex roots or two
real and two complex roots. Therefore, since we seek real roots for the initial equation (42),
we are interested for the solution of its resolvent equation yielding one real and two com
plex roots. In order to find this solution we form the equation of the third-degree:

with

and

which has a real root:

P = -1(3+cos2 29)

YI = (A+B)

(45)

(46)

(47)

(48)

and two complex roots:

where

_ [ q (q2 p
3
) ~J tA - --+ -+-

2 4 27

_ [ q (q2 p3)tJtB - --- -+-2 4 27 .

(49)

(50)

(51 )

(54)

In order that equation (45) must have one real and two complex roots it is necessary
that:

q2/4 + p3 /27 ;::: 0. (52)

The roots SI' S2' S3 of the initial resolvent equation (equation 44) are given by:

SI,2,3 = (YI,2.3 +1COS 29). (53)

Introducing the values for S1.2.3 into equation (43) we define easily the roots r01,2.3.4
of the initial fourth order equation. From these roots two are real and positive, if
(q2/4 + p3/27) > 0, and they coincide to only one, if (q2/4 + p3/27) = 0. It can be readily
found that the two positive roots for equation (42) are expressed by:

rOI •2 = ![{A+B+1cos29}t±{ -(A+B)+icos29

+[{ -(A+B)+icos29}2+3(A-B)2]t}t].

Equation (54) shows that the initial curve passes always by two points of each polar radius

fa·

In order to define if the initial curve is either a continuous curve or it possesses two
branches, symmetric with respect to the y-axis, we examine the case for which :+ = n/2.
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For 9 = nl2 it is valid that cos 29 = - 1, P = - 136 , q = [- (C*)2 + IN] and therefore the
expression:

yields:

C* ;::: 16/3, (55)

Ifthe sign ofequality is taken in equation (55) the values ferq, A, B, Y1,2,3 and SI,2,3 become:

q = - 2(!)3 , A = B = !

Yl = i and Y2 = Y3 = -!

SI =! and S2 = S3 = -i·
In the case when S2 = S3 negative, instead of equations (43), we have the simplified
relations: rOt = r02 = 1[(SI)1-) and the roots of the fourth-order equation take the values:

1
r0 1 == "02 = .J3'

Thus, for C* > (I6.J3)j9 we have two branches ofthe initial curve, one ofthem enveloping
the other. For C* < (I6.J3)j9 there are two separate branches of the initial curve en
veloping either extremity of the loading area (points A and B in Fig, 2). For C* = (I6.J3)/9
the two distinct branches are tangent along the y-axis (9 = n12) at the point r = I/.J3.

NUMERICAL AND EXPERIMENTAL APPLICATIONS

For the study ofthe development of the constrained zones at the vicinity ofthe uniformly
applied load, a series of computations were undertaken in the IBM 1620 computer of the
Technical University, where the solution of the equation (42) was programmed and the
shapes of the initial curves and the corresponding generalized epicycloids were directly
plotted for various configurations of applied loads and optical set-ups.

The governing parameter for the type of the epicycloid is the global constant C*,
which contains the characteristics of the load (magnitude of uniform applied stress 11, and
area of application of the load (1), as well as the characteristics of the specimen (thickness d
and optical constants ct.r,J) and the optical set-up (distance Zr and magnification ratio AJ
The computer programmes were prepared for C* varying between C* = 1000 and c* = L
The case C* = 1000 for the usual optical arrangement utilized in the experiments cor
responded to the case of concentrated load. As the values for c* were diminishing, either
the loading width 2a was increasing, or the applied stress was decreasing.

Figure 3 shows the cases for concentrated load (Fig. 3a) where C* - 00 and c* = 3·34
(Fig. 3b), while Fig, 4 shows the cases for C* = 3 and C* = 1 respectively. The cases
presented in Fig. 4 correspond to values of C* < (I6.J3)j9 and therefore the initial curves
in these cases contain two separate branches (curves with open circles).

It is clearly shown in these plots that the two branches of theepicycloids form a shape
of crescent for the case of concentrated load. However, for c* - 00 there are also parts
of the epicycloids at x = 0 and y = ± 00.
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p

C~1000

('12.5)

(a)

r'¥)

C*=3.34
( .1)

(b)

-x

FIG. 3. Computer plots for the initial curve and the corresponding generalized epicycloid for cases
where C* > C:, (Ct = (16J3)/9). Figure 3a corresponds to the case of concentrated load (C* = 1000)

and Fig. 3b to the case where C* = 3·34.

As the values for C* are decreasing the internal boundary of the crescent is angularly
displaced toward the center of the loading area and the parts of the epicycloid at infinity
are now displaced, approaching the two main branches, (Fig. 3b, parts (e)) at the vicinity
of the y-axis (parts (i». Furthermore, the initial curve, which for C* ~ 00 was a circle and
a point at the origin, it contains now two branches, the internal one surrounding the
origin and yielding the parts (i) of the epicycloid, and the external part like a half-eight,
which corresponds to the main branches of epicycloid (parts (e».

For values of C* below the critical value ct = (16v!3)/9 the parts (e) and (i) of the
initial curve are divided symmetrically and joined together, forming two continuous
curves, symmetric with respect to the y-axis (parts (/) and (r) in Fig. 4). Similarly, the
branches (i) and (e) of the epicycloid are divided along the y-axis and the internal (i) and (e)
branches are joined together (parts (/) and (r) respectively). For the case C* = 3 shown in
Fig. 4a the internal branches of the epicycloid (/) and (r) are tangents along the y-axis.
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(0)

r\.

(b)

FIG. 4. Computer plots for the initial curve and the corresponding generalized epicycloid for cases
where C* < C". Figure 4a corresponds to case where C* = 3·0, while 4b shows the case where C* 1·0.

For smaller values of C* (C* = 1) the left and right branches of the initial curve and the
epicycloids are totally separated and they again resemble to circular arcs, as for the other
extreme case, where C* -+ co.

In order to check the theory with experimental results, a series oftests were undertaken
with thin orthogonal plexiglas plates subjected to compression at a part of their larger
straight boundary. The thickness of the plate was of the order of 3 mm and their width
and height were sufficient to simulate a half-space. The plate was supported to a specially
designed zig, suitable to avoid any buckling of the thin plate when compressed, without
introducing secondary loadings, other than the compression applied by the flat indenter.
The load was applied through a symmetric wedge made of plexiglas of variable width.
This load was kept always symmetric to the vertical axis of the plate. The dimensions of
the wedge were properly selected to create a uniform stress distribution at the surface of
contact between plate and wedge.
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The plexiglas plates were conveniently selected W'fth almost flat surfaces, which were
optically tested to yield sparse interferograms when unloaded. The plates were interposed
in a monochromatic light beam emitted from a He-Ne gas laser. The light beam was
widened through a lens and reflected on both lateral surfaces of the plate. The distance Zr

between the mid-surface of the plate and the reference screen Sc (Fig. 1) varied between
Zr = 120 cm and Zr = 160 cm. A photographic camera recorded the interference pattern
with the caustics which was projected on the reference screen Sc. The magnification ratio
varied between Ai = 6·7 and Ai = 9·5.

Figure 5 presents parts of the interferograms at the vicinity of the loading area of the
plate together with the caustics formed by reflections on the front and rear faces of the
plate. Figure 5a corresponds to the case of a concentrated load, while Fig. 5b corresponds
to the case where C* > ct = (16J3)/9. The shapes of epicycloids for C* < C~,. are shown
in Fig. 6. While Fig. 6a shows the case corresponding to the plot of Fie;. 4a, Fig. 6b, with
separated parts of epicycloids, presents the case for a large length of ~plication of load
and it is related to the plot of Fig. 4b.

The differences in the relative positions of the epicycloids obtained experimentally and
shown in Figs. 5 and 6 and the corresponding computer plots in Figs. 3 and 4 are mainly
due to the fact that while in the computer-plots the global constants C*, incorporating the
optical constant of the mat~rial (c) were taken the same for reflections on front and rear
faces of the plate, in the experiments the values of constants c,. andcf for reflections on the
rear and the front faces respectively are different [11]. The values of these constants for
plexiglas were measured interferometrically and found to be:

This explains the difference in relative positions between the external and internal branches
of the epicycloids found experimentally.

Another possible source of eventual discrepancies between theoretical plots and
experimental epicycloids is the impossibility of creating a uniformly distributed state of
stress at the contact area between plate and loading wedge. Although the shape, dimen
sions and the material used for the wedge were carefully selected, and the two contact
surfaces were checked to be flat and well polished, it was expected in the experiments that
some discrepancies in the uniformity of con,stant stresses must exist.

However, if one introduces the suitable values for the optical constants c,. and cf for
the two branches of the epicycloid, the experimentally formed curves coincide well with
the theoretical ones.

CONCLUSIONS

A potential and simple experimental method was developed for the study ef the type
of stress-singularities created at the loaded boundary in semi-infinite plates submitted to
a uniformly distributed load along a part of the straight boundary. The method was based
on principles of geometric optics and the stress singularity was transformed into an optical
singularity under the form of a caustic (line of concentration of light-rays). The form and
dimensions of the optical singularity yielded the type ofthe existing stress singularity at the
vicinity of the applied load, as well as the amount of externally applied load, since the
shape of the generalized epicycloid yields the value for the radius ofits initial curve and this,



FIG. 5. Caustics of generalized epicycloids experimentally obtained for concentrated load
(c* ~ 00) (a) and for C* > C* (b).
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FIG. 6. Caustics of generalized epicycloids experimentally obtained for two cases where
C* < c*.cr
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in turn, allows the evaluation of constant C* and therefore the stress (J (from either of
equations (7) or (8) and equation (23)).

It was shown that the order of singularity given by theory for the case of concentrated
or uniformly distributed loads along a straight boundary is in agreement with the ex
perimental results found by the caustics.

Furthermore, since the externally applied load or uniform stress can be readily measured
during the experiments, the same relationships allow the measurement of variation of the
optical constants at the highly constrained areas at the vicinity of the loaded boundary.
Indeed, if the material is either viscoelastic or elastic-plastic, it is expected at the highly
constrained zone that an enclave will be created, which is either strongly viscoelastic or
fully plastic, and in this zone the characteristic mechanical and optical properties of the
perfectly elastic material cease to be valid.

The method yields a powerful means for studying the variation of these properties of
the material in the highly-constrained zone, by following the development of the shape
and the geometry of the caustic, created at the vicinity of the singularity.

The method was used with success for the study of singularities created at the tips of
cracks [6-8J, as well as for the study of stress concentrations in two-dimensional stress
fields created by the existence of holes [12].
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AOCTpatn-l1cnOJ1blyeTcli onTIl'lecKllli MeTO)) KaycTUK. palpa60TaHHblH ))J111 HCC11e~'l.OBaHllli $aKTOpOll

IlHTeHCI1BHOCTH HanplllKeHIl" B KOHue TpeWIlHbl. C UeJ1blO OnpeAeJ1eHllll CUHrYJ1l1pHOCTeH B HanplllKeHHllX.

C(1).l,aHHbIX BCne,ll,CTBl1e npHJlOlKeHU.lI nOCTOSlI1HO pacnpeAeneHHblX HarpyloK K npSlMOli rpalllH1C, B o606w·

eHHblX 3a.!la'iaX llJ10CKOrO HanpSllKeHllOrO COCTOllHHSl. A6C0J1IOTHble 3ana3L1HBaHHSl nJ'ieli CBeTa, 11aJl,3101UHX

HOpMaJ1bHO K nJlaCnlHKe B YCJ10BIi:lIX nnOCKOrO HanpSllKeHIISl, II qaCTblO OTpalKeHHbIX KaK H3 .fmUeBoli TaK

II Ha HIIIKHe!'i CTOpOHe WlaCTIlHKII, OTKJ10HSlIOTCSl 6narO.!lapSl OrpaHIl'leHI1IO CBo6o)),bl n11aCTIlHKI1 B OKpeCT

HOCTH npHJ10lKeHHoli Harpy3KII 11 BCneLlCTBHe H3MeHeHHSl nOKa3aTeJJSl CTeneHIl npenOMJ1eHlIlI. Bo IIpeM>!

npOeKU1l11 Ha JKpaH, COCpe,ll,OTO'lI1BaIOTCli OTK110HeHHble 11Y'I11 CBeT3 B,lI,Ol1h oco6011 KpIlBOl1:, KOTOpa>!

CHJ1bHO OCBemeH3 11 npllHI1MaeT $aPMY KaycmUKU. j],OKa3aHO 'ITO $aPM3 Il palMep KaYCTIlKIl 3aBIlCliT oT

OC06eflHOCTIl HanplllKeHllli, B TO'lKe llpl1J10lKeHI111 Harpy3KIl. TaKIlM 06pal0M, llYTeM 1l1MepeHHlI palMepOB

KaycTIlKH, MOlKHO orrpe,ll,emlTh HallplilKeHHOe COCTOliHlle II CHHrYJ1l1pHOli TO'lKe. MCCJ1eJlYIOTCli CBolicTB3

KaYCTHKH II laBI1CHMOCTIl OT XapaKTepa HarpY1KIl lll1aCTJ.iHKIl.


